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In confined magnetically ordered structures one can observe vortices of magnetization and 
electromagnetic power flow vortices. There are topologically distinct and robust states. In this 
paper we show that in a normally magnetized quasi-2D ferrite disk there exist eigen power-flow-
density vortices of magnetic-dipolar-mode oscillations. Because of such circular power flows, the 
oscillating modes are characterized by stable magnetostatic energy states and discrete angular 
moments of the wave fields. We show that the power-flow-density vortices of magnetostatic 
modes can be excited by electromagnetic fields of a microwave cavity. There is a clear 
correspondence between the power-flow-density vortex structures in a ferrite disk derived from an 
analytical solution of the magnetostatic-wave spectral problem and obtained by the numerical-
simulation electromagnetic program.  
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In spite of the fact that vortices are observed in different kinds of physical phenomena, yet such 
"swirling" entities seem to elude an all-inclusive definition. In quite a number of problems one can 
define a vortex as a circular flow which is attributed with a certain phase factor and a circular 
integral of a gradient of the phase gives a non-zero quantity. This quantity is multiple to a number 
of full rotations.  
    In ferromagnetic systems, one can clearly distinguish three characteristic scales. There are the 
scales of the spin (exchange interaction) fields, the magnetostatic (dipole-dipole interaction) fields, 
and the electromagnetic fields. These characteristic scales may define different vortex states. 
Together with magnetization vortices in micrometer- or submicrometer-size ferromagnetic samples 
[1, 2] and the magnetostatic (MS) vortex behaviors in thin ferrite films [3], one can observe 
electromagnetic vortices originated from ferrite samples in microwave cavities [4 – 7]. In the last 
case, vortices appear because of the time-reversal-symmetry-breaking (TRSB) effects resulting in 
a rich variety of the electromagnetic wave topological phenomena [4 – 7]. 
    In their studies, Boardman et al [3] showed that for MS waves excited by three planar antennas 
in a normally magnetized ferrite film one can form a stationary linear phase defect structure 
resulting in appearance of the power-flow-density vortices. There are induced MS-wave vortices. 
In this paper we show that there is a possibility to obtain eigen power-flow-density vortices of MS 
oscillations which appear due to special topological effects in a normally magnetized quasi-2D 
ferrite disk. Based on numerical simulations, we show that the eigen power-flow-density vortices 
of MS modes in a ferrite disk can be excited by electromagnetic fields of a microwave cavity. 
While for thick ferrite disks studied in [5 – 7] no multiresonance absorption spectra were observed 
in a frequency range of the cavity resonance, in a case of a quasi-2D ferrite disk with MS modes 
one obtains eigenstates of the vortex structures. 
    The magnetic dipole interaction provides us with a long-range mechanism of interaction, where 
a magnetic medium is considered as a continuum. It is well known that MS ferromagnetism has a 
character essentially different from exchange ferromagnetism [8, 9]. This statement finds a strong 
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confirmation in confinement phenomena of magnetic-dipolar-mode (MDM) (or MS) oscillations. 
A recently published spectral theory of MDMs in quasi-2D ferrite disks [10 – 12] gives a deep 
insight into an explanation of the experimental multiresonance line absorption spectra shown both 
in well known previous [13, 14] and new [15, 16] studies. This theory suggests an existence of 
othogonality relations for the MS-potential eigen wave functions [10, 11] and dynamical symmetry 
breaking effects for MDM oscillations [12]. One of the most attractive aspects of the symmetry 
breaking effects in MDM oscillations is the presence of the vortex states which appears due to 
special boundary conditions on a lateral surface of a normally magnetized quasi-2D ferrite disk 
[12]. Based on the MS spectral problem solutions, in this paper we show that the border states of 
MDM oscillations lead to eigen MS power-flow-density vortices in a ferrite disk. Due to these 
circular eigen power flows, the MDMs are characterized by stable MS energy states.  
    For MDMs in a normally magnetized ferrite disk, circular flows of power densities are attributed 
with the phase factors of MS-potential wave functions. For monochromatic fields with time 
variation ~ tie  ω  the power flow density for a certain magnetic dipolar mode n is expressed in 
Gaussian units as [12]:  
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where nψ  is the MS-potential wave function, nnB ψµ ∇⋅−=
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a normally magnetized (with a normal directed along z axis) quasi-2D ferrite disk, the mode fields 
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mode n. Subscript ⊥  corresponds to transversal (with respect to z axis) components. In a 
cylindrical coordinate system, it is easy to show that for oscillating MDMs in a quasi-2D ferrite 
disk, the z and r components of the power flow density are equal to zero. There is the only real 
azimuth component: 
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The total MS-potential membrane function ϕ~  is represented as a product of two functions [12]: 
 
                                                                 ±= δθηϕ  ),(~~ r .                                                                (3)                    
 
Function ),(~ θη r  is a single-valued membrane function written as 
 
                                                               ( ) ( ) ( )θφθη rRr =,~ ,                                                            (4) 
 
where )(rR  is described by the Bessel functions and θνθφ  ~)( ie− , ....3,2,1 ±±±=ν                  
Function ±δ  is a double-valued (spin-coordinate-like) function, which is represented as 
θδ ±−±± ≡ iqef , where 2
1±=±q . For amplitudes f we have −+ −= ff  with normalization ±f  = 1.   
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    Circular flows of the power density in a MDM ferrite disk are attributed with phase factors of a 
MS-potential wave function. The MDM topological effects are manifested through the generation 
of relative phases which accumulate on the boundary wave functions ±δ . Due to this function one 
has a phase factor which defines a power-flow-density vortex of a MDM. With use of Eq. (4) one 
rewrites Eq. (2) as 
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There is non-zero circulation quantities ( )θ)(rpn  around a circle rπ2 . An amplitude of a MS-
potential function is equal to zero at 0=r . For a scalar wave function, this presumes the Nye and 
Berry phase singularity [17]. Circulating quantities ( )θ)(rpn  are the MDM power-flow-density 
vortices with cores at the disk center. At a vortex center amplitude of ( )θnp  is equal to zero. It 
follows from Eq. (5) that for a given mode number n characterizing by a certain Bessel function 
)(rRn  there will be different functions of the power flow density  ( )θ)(rpn  for different signs of 
the azimuth number nν . 
    To find functions )(zξ and )(rR we have to solve a system of the following two equations [11]: 
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corresponding to the so-called essential boundary conditions well known in variational methods 
[18]. This gives the energy orthogonality relations for magnetic-dipolar modes ),(~ θη r  [11, 12]. 
Here h and ℜ  are, respectively, a thickness and a radius of a ferrite disk, ( )Fβ  is the wave number 
of a MS wave propagating in a ferrite along a bias magnetic field, νννν KKJJ ′′  and , , ,  are the 
values of the Bessel functions of order ν  and their derivatives (with respect to the argument) on a 
lateral cylindrical surface ( hzr ≤≤ℜ= 0  , ).  
    In further analysis we consider MDMs having fundamental thickness and first-order-azimuth 
distributions. Numbers n in Eq. (5) correspond to different radial variations. Fig. 1 gives the 
calculated distributions of ( )θnp  for first two modes (n = 1, 2) at 1+=nν  when a bias magnetic 
field is directed along z axis. These distributions clearly show the power-flow-density vortices. For 
our calculations we used a lossless normally magnetized ferrite disk with diameter 32 =ℜ mm and 
thickness 05.0=d mm. The ferrite saturation magnetization is G 1880 4 0 =Mπ  and a bias 
magnetic field is Oe 49000 =H . One can see that there are eigen power-flow-density vortices with 
very different topological structures.  
    It follows, however, that an analysis of excitation of these power-flow-density vortices by 
external electromagnetic fields is beyond the frames of any analytical solutions. Because of the 
TRSB effects, a system of a cavity with an embedded inside ferrite disk (even having sizes much 
small compared with the cavity sizes) is not a weakly perturbed integrable system, but a non-
integrable system [5 – 7].  Based on the HFSS-program numerical studies [19], we analyze 
excitation of the power-flow-density vortices in a ferrite disk placed in a microwave cavity. For 
our numerical studies we used a short-wall rectangular waveguide section. The disk axis was 
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oriented along the E-field of a waveguide 10TE  mode. The disk parameters were the same as for 
the above analytical calculations. Additionally, we took into account the material losses as the 
linewidth Oe 8.0=∆H . This corresponds to the parameters used in experiments [16]. Fig. 2 shows 
numerically obtained frequency characteristic of an absorption coefficient for a ferrite disk in a 
waveguide cavity. One clearly sees the multiresonance absorption spectra. The peak amplitudes 
reflect the fact of different waveguide field structures at different frequencies of the disk modes. In 
Fig. 2 we also show the resonance peak positions obtained from an analytical solution of Eqs. (6) 
and (7). There is a very good correlation between the analytical and numerical peak positions. For 
numerically obtained modes, one can observe topological resonant states. Every resonant state is 
characterized by a strong pronounced eigenfunction pattern with a topologically distinct vortex 
structure. As an example, Fig. 3 shows a typical gallery of the magnetic field distributions on the 
upper plane of a ferrite disk for the second mode at different time phases. A very peculiar property 
of these pictures is the fact of the azimuthal rotation of the mode magnetic field. When the 
transverse mode is transformed following a closed path in the space of modes, the phase of the 
final mode state differs from that of the initial state by gd φφφ += , where dφ  and gφ  are the 
dynamical and geometrical phases, respectively [20]. In a supposition of possible analytical 
description, the modes with π4  azimuthal rotation should be represented by double-valued 
functions.  
    Based on numerical studies, we can represent the Poynting-vector distributions inside a ferrite 
disk corresponding to the observed resonant states. Fig. 4 gives such distributions for first two 
modes (n = 1, 2). There are the power-flow vortices. The black arrows clarify the power-flow 
directions inside a disk for every given mode. One can find a very good correspondence between 
the numerical-simulation Poynting-vector vortices in Fig. 4 and analytically calculated eigen 
MDM power-flow-density vortices shown in Fig. 1. When comparing the vortices in Figs. 1 and 4, 
one should take into account the fact that in the numerical-simulation analysis, the ferrite material 
losses were taken into consideration. This presumes certain diffusion of the vortex pictures in Fig. 
4.      
    We showed that in a normally magnetized quasi-2D ferrite disk there exist eigen power-flow-
density vortices of MDM oscillations.  Based on the HFSS-program numerical studies, we showed 
possibility of excitation of the MDM power-flow-density vortices in a ferrite disk placed in a 
microwave cavity. The pictures of the vortex structures obtained from the numerical-simulation 
electromagnetic program are in a good correspondence with the analytically derived eigen MS 
power-flow-density vortices in a ferrite disk. 
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Figure captions 
 
Fig. 1. Power-flow-density vortices for magnetic-dipolar modes in a ferrite disk for first two   
            modes. Disk diameter 32 =ℜ mm. 
Fig. 2. Spectrum of MDMs in a ferrite disk. (a) A numerically obtained frequency characteristic of   
           an absopption coefficient for a ferrite disk in a waveguide cavity; an insertion shows a disk   
           position in a cavity. (b) Analytically calculated MDM resonance peak positions. 
Fig. 3. A gallery of the magnetic field distributions on the upper plane of a ferrite disk for the    
            second mode at different time phases. There is the mode with π4  azimuthal rotation. 
Fig. 4. The Poynting-vector distributions inside a ferrite disk corresponding to the topological   
           resonant states. The black arrows clarify the power-flow directions inside a disk for every    
           given mode. 
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Fig. 1. Power-flow-density vortices for magnetic dipolar modes in a ferrite disk for first two      
           modes. Disk diameter 32 =ℜ mm. 
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Fig. 2. Spectrum of MDMs in a ferrite disk. (a) A numerically obtained frequency characteristic of 
an absorption coefficient for a ferrite disk in a waveguide cavity; an insertion shows a disk 
position in a cavity. (b) Analytically calculated MDM resonance peak positions. 
 
  
  
  
  
  
  
  
  
  
  
  
  
  
  
  
  
  
  
  
(a) 
(b) 
 8
  
  
  
Fig. 3. A gallery of the magnetic field distributions on the upper plane of a ferrite disk for the    
            second mode at different time phases. There is the mode with π4  azimuthal rotation. 
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Fig. 4. The Poynting-vector distributions inside a ferrite disk corresponding to the topological   
           resonant states. The black arrows clarify the power-flow directions inside a disk for every   
           given mode. 
  
x 
y 
z 
0H
r
x 
y 
z 
0H
r
